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This paper investigates the magnetohydrodynamic (MHD) boundary layer flow of a Jeffery fluid
induced by a nonlinearly stretching sheet with mass transfer. The relevant system of partial differ-
ential equations has been reduced into ordinary differential equations by employing the similarity
transformation. Series solutions of velocity and concentration fields are developed by using the ho-
motopy analysis method (HAM). Effects of the various parameters such as Hartman number, Schmidt
number, and chemical reaction parameter on velocity and concentration fields are discussed by pre-

senting graphs. Numerical values of the mass transfer coefficient are also tabulated and analyzed.
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1. Introduction

In view of technological and industrial applications,
the boundary layer flow of non-Newtonian fluids have
been given considerable attention in recent years. Ex-
amples of non-Newtonian behaviour can be found in
on processes for manufacturing coated sheets, foods,
optical fibers, drilling muds, and plastic polymers. One
of the non-Newtonian fluid models which has been ac-
corded much attention by the investigators is the Jef-
fery fluid. This fluid model allows relaxation and retar-
dation effects. The investigation of the boundary layer
flows over a stretching surface has many important ap-
plications in extrusion processes, glass-fiber and pa-
per production, electronic chips, crystal growing etc.
Sakiadis [1] initiated the boundary layer flow over a
continuous solid surface moving with constant speed.
The work of Sakiadis was subsequently extended by
many authors for boundary layer flows in viscous and
non-Newtonian fluids boundary layer flows under var-
ied conditions. Some of the recent contributions on the
topic have been presented in the studies [2— 10].

All the above mentioned studies take into account
flows caused by a linear stretching sheet. Some inves-
tigations may be mentioned in this directions [11—15].
Recently, Raptis and Perdikis [16] have examined the

MHD viscous flow over a nonlinear stretching sheet in
the presence of a chemical reaction. The objective of
present study is (i) to extend the flow analysis of [16]
from viscous to Jeffery fluids and (ii) to provide an an-
alytic solution for a highly nonlinear problem. A new
developed technique, the homotopy analysis method
(HAM) [17], has been employed for the analytic so-
Iution. This method has been successfully applied al-
ready for other problems [18—33]. Very recently, the
optimal approach based on HAM is also presented. The
readers may consult the studies [34,35] in this direc-
tion. The structure of the paper is as follows. The for-
mulation of the problem is described in Section 2. Se-
ries solutions of velocity and concentration are derived
in Section 3. In Section 4 the convergence of the de-
rived series solutions is explicitly discussed. Section 5
deals with the discussion of graphs and tables. Conclu-
sions are reported in Section 6.

2. Mathematical Formulation

We consider the steady, incompressible, and MHD
flow of a two-dimensional Jeffery fluid over a nonlin-
ear stretching sheet. We choose x-axis parallel and y-
axis normal to the stretching surface. A uniform mag-
netic field exerts in the y-direction. For a small mag-
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netic Reynolds number, the induced magnetic field is
neglected. We also considered the presence of a first-
order chemical reaction. For the present problem, the
equations governing the flow are given below:
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In the above equations, u and v are components of the
velocity along x and y-directions, respectively, Vv is the
kinematic viscosity, p is the fluid density, o is the elec-
trical conductivity, A; is the relaxation time, A, is the
retardation time. C is the species concentration in the
fluid, D is the mass diffusion coefficient, and R is the
first-order chemical reaction parameter.
The appropriate boundary conditions are

u(x,y) =ax+ bx?,
v(x,y) =0,C(x,y) = Cy at y =0, 4)
u—0, C—0 as y—oo,

where a and b are the dimensional constants.

In order to make the problem simpler, we introduce
the following quantities:

1= S =t ()52 ),

v =—Vavf(n) = 2bx, | Zg(n). 5)
c=afam+Zam},

where a prime denotes the derivative with respect to 7.
We note that (1) is satisfied identically and (2) —(4) are
transformed as follows:

f/// _sz/ _f/2+ff//

. (6)
+ BRI = ") +Ba(f P = ff") =0,
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g = Mg =3¢ +2f"g+8"f+ B (418"
+2fgf//_f2g/// 4fgf'"+4ffg 2f/2 /) (7)
+ B> (f/g/// G " g 3f”g”) —0,

Clj +ScfCy— ScyCy =0, (8)
C{ + ScfCy —Scf'Cy — ScyCy + ScgCy =0, (9)
f(0)=0, f(0)=1, f(=)=0,
g0)=0, £0)=1, g(=)=0, (10)
Co(0) =1, Cy(ee) =0, C1(0) =0, Ci(e0) =0,

in which the chemical reaction parameter ¥, the
Schmidt number Sc, the Hartman number M, and the
Deborah numbers 1, 3, are

R v , OB}
= — = — M _
y a7 S D7 ap b (11)
[31 = lla, ﬁz = Aza.

Here ¥ > 0 indicates the destructive chemical reaction
and y < 0 the generative chemical reaction. For y =0
we have the case for a non-reactive species. The ex-
pressions of the mass transfer Cj) and C| at the wall are

ch(0) = (@) <o,
n=0

d
ag - (12)
C(0) = <—1) <0.
377 n=0
3. Homotopy Analysis Solutions
For the series solutions, we express f(1), g(1n), and

concentration fields Cy(n) and C; (1) by the set of base
functions

{n*exp(~m) |k =0,n> 0} (13)

in the form
f(n)—aoo+nZOkZamnn exp(—nm),  (14)
o+20k2bmnn exp(—nm), (15
ZOkZ ol exp(—nn), (16)
= i}g‘, er, N exp(—nn), (17)
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in which the nonlinear differential operators N7, N,

where am 2 DK, dk and e],‘n,n are the coefficients. The
initial guesses fo(7n), go(n), Coo(N), and Co(n) of
f(n),g(n),Cb(n),andCH(n)ewe
Jo(n) =1—exp(—n), (18)
go(n) =1—exp(—n), (19)
Coo(n) =exp(—n), (20)
Cro(n) =nexp(-n) 21)
with the following auxiliary linear operators:
& df
‘Cl(f)*d—ng an’ (22)
g dg
L(g) = a3 dn’ (23)
d*c,
L3(Co) = 2575--Cb» (24)
d*cy
L4(C1) = o (25)

The above operators have the following properties:

Li[c1 4 c2exp(n) +czexp(—n)] =0, (26)
Lo[cs+csexp(n) +csexp(—n)] =0, (27)
Ls[c7exp(n) + cgexp(—1n)] =0, (28)
Lylcoexp(n) +croexp(—1n)] =0, (29)

where ¢; (i = 1-10) are the arbitrary constants. If
p € [0,1] is an embedding parameter and 7y, hig, fic,,
and /¢, indicate the non-zero auxiliary parameters, re-
spectively, then the zeroth-order deformation problems
are constructed as follows:

(1=p)Li[f(n,p)— fo(n)] = phyNy [f(n,p)], (30)
(1 —p)ﬁl[éi(n,p) —go(1n)] 1)
= pligNg [f(n,p).6(n.p)] .
52[ 0 —Coo 77)}
. (32)
= phCoNCo {C )} )
(1- M%an —Cio(n ]
) (33)
pheNe, |G (1.p).C1 (1.9).F (n.p) &0,

Ne,» and N¢, are
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Ney [€om.p).F(n.p)] =

éi;g%glgz-%Scf(n,p)Qé?ggigz——Scycbv(40)
Ney [€o(n,p),C1(m.p).F(n.p).&(.p)| =
82%1;72’]))—507/&—#50(— 8]”((971117,17)61(”7}7) (41)
0, 2L iy 2001
Obviously, for p = 0 and p = 1, we have

f:0) = fo(n), f(n:1) = f(n), (42)

8(n,0) =go(n),4(n,1) =g(n), (43)

Co(1n,0)=Coo(n), Co(n,1)=Co(n), (44)

Ci(n,0)=Cio(n), Ci(n,1)=Ci(n). (49)

Expanding f(1: p), 8(n.p), Co(1, p), and C1(n. p) in
Taylor series with respect to the embedding parameter

p, we obtain

fmsp) = fo(m)+ Y fu(mp™, (46)
m=1
¢(n,p) )+ Z gn(mp", (47)
Co(1.p) = Coo(n +Zcom " (48)
Ci(n.p) =Cro(n Z Cim(n)p™, (49)
1 9"f(n;
fm(n) = _'% )
m! n =0 50)
(n) = 1 9"g(n:p)
8m m anm p:O»
1 9"Cy(n,
Com(N) = %% ;
! dp
|9 (n.p) =0 (51)
Cim(N) = %8172’]) )
! dp
p=0

in which the series convergence in (47)—(50) depends
upon /iy, g, fic,,, and fic, . The values of fiy, hig, hic,,, and
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hic, are chosen in such a way that the series (47)—(50)
are convergent at p = 1 and hence

£m) = folm) +mi0fm<n> (52)
¢(1) = go(m) +miogm<n> (53)
Co(m) = Coo () +mi1 Com () (54)
Ci(n)=Cipo(n +chm (55)

The problems corresponding to the mth-order deforma-
tion are

Ly [fn(M) = XS (M) =B Rypm(N), (56)
L [gm(n) — Xm8m—1 (77)] = thg,m(n)» (57
L3[Com (M) = AmCom-1(N)] =hc,Re,,, (M), (58)
£4 [Cl m (77) - chl m—1 (n)] = hC] RC]_m (77) ’ (59)
fn(0)=0,£,(0) =0, f,(=) = (60)
gm(0) = 0,g,,(0) = 0,g,,() = (61)
Co, m (0) = Cy, m (°°) =0, (62)
Cim(0) =Crm(0) =0, (63)
m—1
Rym(N) = fui —Mfp,_ + Z o
m—1
~ o1k fi)FBLY, fnm1—k Z 2fi 1 fi = fit "]
k=0 =0
+ B2 Z ATy A Y (64)
k=0
Rem(N) = g1 —M?g),
m—1
+ Z (=3 fmo1-4&k +28m1- 1Sy + fn1-181]
m—1
+ B Z Sm—1-k Z 4fi 18l +2118 — fi1gl ©5)

m—1

4" 8+ me - kZ 4fi 181 —2fi 181]}

m—1

+B2 Y (1 a8l —
=0
= 28m1- 1S+ 3 m1 k&1

"

S S — Fmo1-k8
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Table 1. Convergence of the HAM solution for different order
of approximations when M = 1.0, § = 0.2, S =1.0, and y =
0.2.

Order of approximation —f”(0) —g"(0) —Cy(0) —Cj(0)
1 1.212500 1.787500 1.166667 0.250000
5 1.286329 1.729082 1.1602806 0.128032
10 1.286998 1.728359 1.1600012 0.128054
15 1.287000 1.728356 1.160005 0.128064
20 1.287000 1.728356 1.160005 0.128063
25 1.287000 1.728356 1.160005 0.128063

RCo.m (77) COm 1 SC’}/CO,m—l
m—1 (66)

+ Sc Z C6,n1—1—kfka

k=0

RCl.m (n) = lm 1 SCYCIm 1+SC
m—1 (67)

: Z (=Crton—1-ifi +Clm1 4Sc+Com1-48k) »
k=0

0, m<1,
Xm = (68)
1, m>1.

The general solutions of (57) — (64) can be written as
fn(N) = fu(n)+c1+coexp(n) +czexp(—1), (69)
gm(N) = gn(N)+ca+csexp(n)+csexp(—n), (70)
Com (M) =C5,n (N) +c7exp(n) +cgexp(—n), (71)
Cim(N) =Ci (M) +coexp(n)+croexp(—=n), (72)

where f;5(1). 5,(1). G, (). and € (1) denote the

special solutions of (57)—(64) and

02205=C7=C9=0,

a &3
c1=—c3—fu(0), = w )
n n=0 (73)
dg*(n)
C4:_66_g;:1(0)7 = ’
377 n=0
cg=—C5,,(0), ci0=—Ci,(0).

Note that (57) — (60) can be solved by Mathematica one
after the other in the orderm =1,2,3,....

4. Convergence of Homotopy Solutions

The convergence of series solutions are dependent
upon the values of the auxiliary parameters fiz, fig, fic,,
and /ic, . In order to determine the range of the admis-
sible values of 7y, hig, fic,, and /ic, for the functions
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Table 2. Values of the surface mass transfer C}j(0) and C} (0)
for some values of M, B, B, Sc, and 7.

Sc Y M Bi=pH —C,(0) —C(0)
1 0.4 1.2 0.2 0.83412 0.15646

0.8 1.05823 0.13321

1.0 1.15258 0.12582

2.0 1.53473 0.10372

0.5 1.0 0.79841 0.07527
1.0 0.87943 0.08653
1.5 1.42758 0.16663
2.0 1.66074 0.20171
1.0 1.0 0 1.17773 0.12365
0.3 1.17554 0.12416

0.6 1.16966 0.12526

0.9 1.16153 0.12605

1.2 1.15258 0.12583

1.2 0 1.14848 0.11841

0.2 1.15258 0.12582

0.4 1.55658 0.12992

0.8 1.16029 0.13383

1.0 1.16204 0.13469

17(0), "(0), C;(0), and C}(0), the h-curves are plot-

ted for the 15th order of approximation in Figures 1. It
is clear that admissible values of fir, fig, fic,, and fic,
are —1 <n;<-03,-0.7<h, <—-0.2,-1.5< ¢, <
—0.5, and —1.8 < /fic; < —0.5. Furthermore, the series
solutions (53)—(56) converge in the whole region of 1
when /iy = fip = —0.5 and Jic, = fic, = —1. Table 1
shows the convergence of the HAM solutions at differ-
ent order of approximations.

5. Results and Discussion

In this section, the graphical results are presented
for the effects of Deborah numbers f3;, 3, Hartman
number M, Schmidt number Sc, and the chemical re-
action parameter Y on the velocity and concentration
fields. Such effects are discussed by Figures 2—10.
Figures 2 —4 show the effects of i, 5, and M on f’
and g'. For different values of Deborah number f3;, the
velocity profiles are plotted in Figure 2. It is obvious
that the velocity distribution across the boundary layer
decreases by increasing values of f. Figure 2 shows
the variation of Deborah number ; on f’ and g’. It is
found that the velocity components f” and g’ decrease
as B increases. However, such increase is small in f’
when compared with g’. The boundary layer thickness
decreases when Deborah number f; is increased. The
effects of Deborah number 3, on the velocity compo-
nents f' and g’ are opposite to ; (Fig. 3). It can be
seen from Figure 4 that the effect of the Hartman num-
ber M is similar to that of §; on the velocity compo-
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Fig. 1. h-curves of the functions f”'(0), g”(0), C;(0), and C}(0) at the 15th order of approximation.

(a) (b
M=10,p:=0.3 M=10,6:=03
i
— =00
08 — = =02
- pr=04
B1=06
0.6
0.4
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, =
0 1 2 3 4 5 0 1 2 3
n n
Fig. 2. Variation of Deborah number 81 on f’ and g’.
(a) (b
M=1.0,p1=03 M=10,3=03
— =00
-~ p=02
- =04
- Br=06
Ak s o
0 1 2 3 4 5 0 1 2 3
1

Fig. 3. Variation of Deborah number 8, on f’ and g’.
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06
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Fig. 4. Variation of Hartman number M on f’ and g’
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P2=0.3 M=0.25c=10y=02
1
f1=00
0.8 Br=10
Br=20
- pr=30
0.6
S
0.4
0.2
0 —
0 1 2 3 4 5 6 7

Fig. 5. Variation of Deborah number f3; on Cy and Cj.
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Fig. 6. Variation of Deborah number f3; on Cy and Cj.
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(a)
B1=02=035c=10y=02
/ . : :
— M=00
0.8 —— M=05
- M=10
M=15
0.6
&
0.4
0.2
0

Fig. 7. Variation of Hartman number M on Cy and Cj.

(a)
B1=p2=03 M=05y=02

Fig. 8. Variation of Schmidt number Sc on Cj and Cj.

(@)
p1=p2=03 M=05 Sc=05
10T T T T T T
— y=00
0.8 - — y=02
' ---- =04
}’:0,6
0.6
&
0.4
0.2
o]
0 2 4 6 8 10

Fig. 9. Variation of chemical reaction parameter ¥ on Cy and C;
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-0.07
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0.15
0.125
0.1
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0.025

(®

Bl=p2=03 M=05y=02

p1=p2=03 M=05S=10

-0.01
-0.02
G -003
-0.04
-0.05

-0.06

in the case of destructive chemical reaction.
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Bi=p2=03 M=0538c=10
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0.4

0.2

0 2 4 6 8 10
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(b)

P1=PF2=03 M=055=05

Fig. 10. Variation of chemical reaction parameter Y on Cy and C| in case of generative chemical reaction.

nents f’ and g’. The variations of the emerging param-
eters on the concentration fields Cy and C; are plotted
in Figures 5—10. Figure 5 is the graphical represen-
tation showing the effects of the Deborah number f3
on Cy and C; in the case of destructive chemical re-
action (Y > 0). The concentration field Cy is increased
for large values of f3; while the magnitude of C; de-
creases when f3; increases. It should be pointed out that
the variation in Cj is larger in comparison to Cyp for
large values of ;. Figure 6 is displayed for the varia-
tions of 3, on the concentration fields Cy and Cj in the
case of destructive chemical reaction (y > 0). It can be
seen that Figure 6 shows the opposite qualitative ef-
fects when compared with Figure 5. Figure 7a shows
the effects of M on Cj. It is observed that the concentra-
tion field Cy is increased when M increases. The varia-
tion of M on C; is sketched in Figure 7b. Figure 8 gives
the variations of the Schmidt number Sc on the con-
centration fields Cyp and C; for y = 0.2. Both C and C;
decreases when Sc increases. The effects of destructive
chemical reaction parameter (y > 0) on the concentra-
tion fields Cy and C; are displayed in Figure 9. It is
found from Figure 9a that the concentration field Cy is
a decreasing function of 7. It is also clear from Fig-
ure 9b that the magnitude of C; decreases when 7y in-
creases. Figure 10 depicts the variation of a generative
chemical reaction (Y < 0) on the concentration fields
Cp and C;. Itis found from Figure 10a that Cjy increases
for large generative chemical reaction parameter. Fig-
ure 10b depicts that the magnitude of C; also increases
as ¥ (Y < 0) increases.

6. Closing Remarks

The present study investigates the mass transfer in
the MHD flow of a Jeffery fluid bounded by a non-
linearly stretching surface. The velocity and the con-
centration fields are derived. The homotopy analysis
method is utilized for the series solutions. The be-
haviours of various embedded parameters in the con-
sidered problem are analyzed. The gradient of mass
transfer are also computed in the tabulated forms. The
main observations are pointed out below.

e The behaviour of $; and M on f'(n) and g'(n)
are the same.

e The effects of increasing the values of M is to de-
crease the boundary layer thickness.

e The concentrations fields Cy and C; decreases as
Sc increases.

e The influence of the destructive reaction (y > 0)
is to decrease the concentration fields.

e The concentration fields Cy and C; has opposite
results for destructive (y > 0) and generative (y < 0)
chemical reactions.

e The surface mass transfer decreases by increas-
ing M.
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